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l The role of CAS when learning algebra and developing functional thinking

4 N N
/C/-\S is too powerful t(‘,\ When using CAS may only be used
use it for lower CAS following the white box
secondary level - pupils loose black box principle

reduce its integration \_Skills by hand /
on upper secondary
\ Ievel<
The Role of CAS

when learning algebra and
developing functional thinking

4 Pupils learn easier
coming along with e _ _ CAS helps to A
variables when CAS is Pupils gain investigate a new topic
integrated into the more skills by using the black box
learning process when using white box principle
o CAS / \_ Yy,
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The role of CAS when learning algebra and developing functional thinking

Focusing
1. ... the topic

... the technology

2
3. ... the tasks & teaching
4. ... the teacher training

TIME 10 Malaga July 2010 Barbel Barzel



The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... problems

... measuring basic algebraic skills in PISA:

In which ways can ,the half of the number a“ be written?
Mark with a cross if the answer is right.

P 4

% Ja Nein
a-i Ja Nein
2
1.3 Ja Nein :
2 Frequency of solution
. _ 0
a - % Ja Nein In PISA: 13 %
0,5-a Ja Nein
a :% Ja Nein
%a Ja Nein
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The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... problems

Height h

»

time t

»

1 I 1 I g

0 1 2 3 4 5x ||Test-Results
For which value of x is the 1. Semester

according y-value 17? ,
WS 2008/09

29% wrong answer

42% sketch a
wrong graph

A taxi driver takes 5€ as fix costs and 3€ for every km.
Sketch a graph, ...

48% sketch a
wrong graph

See as well: Janvier 1983, PISA 2003, PALMA 2006, Kaput 1994
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Algebra and functional thinking: .... problems

Test with about 100 Math-students, 1.Semester
C

Fx) Fix) Fix)

N

B - .
o a0 7

The dot-line is drawn from A to B.

The value F(x) gives the soze of the grey area.

a. Which graph belongs to F(x)? Make a cross.

b. Give reasons to your choice.

Results:

a. ©66% correct answer

b. 57% correct answer
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The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... problems

Test with about 100 Math-students, 1.Semester

N F(x) 4 F(x) F(x)
= = .
(] ] =
Begriinden Sie ereiwag-}f:f) | ; d& ﬁﬁ{}, l& r (3( ) \
s & A2, -5{" 30 {;,;ﬂ o
Oqe_ F{ C f J : nGraph'aS'
Picture-
Irritation”

Hoffmann 2007
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The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... problems

f is a differentiable function with f (-x) = - f (x).

What is right? o
A)f'(-a)=-1'(-a)
B)f'(-a) =1'(a) f1lx)=
C)f'(-a)=-f'(a)

D) Keine von A-C

0.5 (1,1)

0.2

-3.89

A typical answer was: f'(-a) = (f (-a))'=(-f(a))=-1f'(a).
Eisenberg & Dreyfus (1990)
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The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... What is it about?

Learning basic || Getting a sense for Dealing flexible with functions
syntactical skills || symbols and structures | | and their representations

5(2x+1)=10 5(2x+1)=10
10x+5=10 5(2x+1)=2e5

fluy=aeu+a®

Jahnke 1999; Krtiger 2000; Schubring 2007 ;
TIME 10 Malaga July 2010 SEWER:Ee M Sierpinska 1992; Arcavi 1992




The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... What is it about?

Learning basic || Getting a sense for Dealing flexible with functions
syntactical skills || symbols and structures | | and their representations

= Connecting mathematical representations
(verbal, graphic and numeric representations)

= Developing and connecting different mental images

Presmeg 1997; 2006; Duval, 2002; Tall 1997;
TIME 10 Malaga July 2010 e Fischer 1987; Malle 2000; vom Hofe 1995




The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... What is it about?

Learning basic || Getting a sense for Dealing flexible with functions
syntactical skills || symbols and structures | | and their representations

= Connecting mathematical representations
(verbal, graphic and numeric representations)

= Developing and connecting
different aspects/ images of the concept
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The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... What is it about?

Learning basic || Getting a sense for Dealing flexible with functions
syntactical skills || symbols and structures | | and their representations

= Developing and connecting
different aspects/ images of the concept

_—

Variable” can be seen ‘Function” can be seen;

" as a placeholder = under the aspect of mapping

) . -
as a generalizer = under the aspect of covariation

= as an unknown = as an entity

= as a changing quantity

TIME 10 Malaga July 2010 Barbel Barzel Malle 1993 & 2000; Fujii 2003




The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... What Is it about?
i N Lens equation
= 1 1 1
“ P P — 5 —> g - f b
Drijvers 2005
Typing in correctly, otherwise: 1 1
9 1
b
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The role of CAS when learning algebra and developing functional thinking

Algebra and functional thinking: .... What is it about?

— F —»

Lens equation

TIME 10 Malaga July 2010

1 B 1 1
> g pe— 3 —» g B f b
laceholder: _ :
as a placeholder: T
1 1 1
as an unknown: sc-lve{—=— —— E:-]
as a lizer: g S b
generalizer:
b=730 po JE
A0 H _g
. . ]'[:]g 404
as a changing quantity: | &g} = ~10 4
"DI::IHE" m:L
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The role of CAS when learning algebra and developing functional thinking

Technology

From CAS to MRS

S~

Multi-representational system

¥ ﬂ Why does a parabolic mirror work?

f(x) = ax?

_ 1
Focus point: (O | —j
da
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The role of CAS when learning algebra and developing functional thinking

Technology

““= moenia surgentemqgue novae Kathaginis arcem,
mercatique solum, facti de nomine Byrsam,
taurino quantum possent circumdare tergo (Aneis, Virgil)
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The role of CAS when learning algebra and developing functional thinking

Technology

Trving values Find an equation

Spread sheet Geometrypackage | | Computeralgebra
ureTTcar epproach Symbolical approach

First step: First step:
A value!!! —ha | Anexpression!!!
l.a” B - 8 & ng\ V=13 2 Fertig 1]
=seq(i,i,1,13,.25) [=13-2*a[] |=al]*bl] a recta
1 1 1 1 make g us\ﬂ i) 13-4
1.25 10.5 13}/\
15— ‘i g‘ve h "e(so ve(13- CO
g sheetl | | e side- £ Ar(ocliod era|
/0’; 1912205, nas the ge tes g ebl"
5| 20625 1ve(13 —dx= Ot
3. ? 21 |
TEE— Make a sketch —
e aa=3-.§2662 u
Graphical approach 15
First step: Geometrypackage \/
A sketch/ a graph!!!
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The role of CAS when learning algebra and developing functional thinking

Technology

, The big 3 “ —relevant tools for learning mathematics

Spread sheet Geometrypackage | | Computeralgebra

Excel Cabri Il I\[j ng\z
Access Geolog Maple
Apple Works Mathematica
N
Y
GeoNext
GeoGebra
N -
N

Just additive: V-200, TI-89, Classpad
Integrated & interactive on one surface: TI-Nspire (as Handheld & on PC)
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The role of CAS when learning algebra and developing functional thinking

Technology

, The big 3 “ —relevant tools for learning mathematics

Spread sheet Geometrypackage | | Computeralgebra

Research study in Norway (Fuglestad 2005)
3 grades (8-10, 14 — 16 years old pupils), 6 classes took part,
The three tools were always available

Which of the three tools do pupils use when solving tasks,
where prinicipally all tools can support the solution?

:

All the three tools are used - by different pupils and the

pupils could explain their choice according to their way of
solution

But : They must be aware of the three tools!!
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Technology

The role of CAS when learning algebra and developing functional thinking

, The big 3 “ —relevant tools for learning mathematics

Spread sheet

w0
> [TO |

dteeds

e
N
e T

T T T
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Algebra and functional thinking: How can it be realized?

An idea of .
a variable o oo Variables in formulas
— X km - 0,04 I/lkm - 1, 56€
Multiple
fepliesrEte Connections & Dependencies
tations - |n gnnmetry
G) - ”
S Functional ‘ Experiments to switch
0 thinking 3 situation & graph
ey An idea of The balance-mode
an equation ]
Types of
function
Systems of
linear equations
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

i ~N vanitlh AvVvIAArs ~
| IU VVILII C)\IJCI“IIC

Which graph is created by
my movement?

2 M
[T

xperiments to switch
situation & graph

Research question:

How does an experiment
supports the
conceptualization of a
Jfunction“?
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Spontaneous movements and
Interpreting the graph

B2 oty
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

At first:

a very strong picture in mind as a
pattern

,2graph-as-a-picture irritation*

They overcome faults and argue
in different ways, e.g.:
Statically: in the sense of
mapping points
Dynamically: in the sense of
covariation

B2 oty
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Algebra and functional thinking: How can it be realized?

An idea of .
a variable o oo Variables in formulas
— X km - 0,04 I/lkm - 1, 56€
Multiple
fepliesrEte Connections & Dependencies
tations - |n gnnmetry
G) - ”
S Functional ‘ Experiments to switch
0 thinking 3 situation & graph
ey An idea of The balance-mode
an equation ]
Types of
function
Systems of
linear equations
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

Applied problems

[c(a):ye+n»

CAS when learning algebra
- Yes or No?

Barbel Barzel, Mattias Zeller PH Freiburg

Paul Drijvers, Freudenthal Institute, Utrecht,
Netherlands
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Using variables und functions

Tasks & Teaching

The role of CAS when learning algebra and developing functional thinking

Applied problems

Tl-nspire CAS

Versus

TIME 10 Malaga July 2010
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

C
Applied problems |A
Tl-nspire CAS versus Tl-nspire

Ti-rSpire

A Towas 5 INKTRLAENTS

Startseite Startseite

VX | VX
|'I:Caln:ulat|:|r| ZiGraphs & ... 3:liztz & Sp... |1:Calculatnr 2iGraphz & ...

i

d:Mates S:Data & Sta... &:Meuesz Do... 4:Motes S:Data & Sta... B:Meues Do...

" =
i @ i @
T:Eigene Da... & Systemmfn SiTippsz 7:Eigene Da... 8: Systemmfn HiTipps

Figen =ie dem gedffneten Dokument
gine neue Seite mit der Calculatnr

Filgen Zie dem gedffneten Dokument

gine neue Seite mit der Calculator A
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Using variables und functions

Tasks & Teaching

The role of CAS when learning algebra and developing functional thinking

Applied problems

Tl-nspire CAS versus Tl-nspire
AT e— i S—
[1.1] BOG AUTO REELL [] BOG AUTO REELL []
1ot 2t btd b 3at7h B || 4izr - B
factorl 129e+36) 12+(+3) % o1
expand(12:(y+3]) 12436 nSolvel 1204+36=96,y ] 5.
12-2+36]7=2 &0 |
[120426=96 26 12+=60)
12:¢=60 1=5
12
i = ™
145 3/99

TIME 10 Malaga July 2010
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

Applied problems

Party organizers

After graduation, you want to organize a party. Several offers
of local providers are available:

YUKI EVENT | PARTYMAD | FLASH
meal / person 24 € 15 € 20€
rent for the room | 400 € 2300 € 900 €
stereo 350 € 400 € included
decoration included 200 € 300 €

Compare the offers.

These points might help you:
e How many guests do you expect? What will the costs be
at which offer?
When do two offers have an equal price?
e Present an overview of your results.

Additional task:

Another provider has a big party room. His offer is the cheapest,
so long as more than 500 guests come. How much money can he
charge, while still being the cheapest?

TIME 10 Malaga July 2010 Barbel Barzel



Using variables und functions

The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Applied problems

\
i
b

Py fir..
Goste Partsy Eved
112 3638 4580
AN 362 L5985
339 §88¢ 13795
240 §£310 §000
341 §015

793¢

113 sl

bl
Lotation
3440
3460

1380
§000
g020

NI 13ENTSSY N

10 3
6 ?
X 7
7098423 | ?

BOG AUTO REELL |

120 )= 155+ 2300+ 400+200

13 |=20 5+ 300+300

v=mx+b

[ BOG AUTO REELL i
¥ = W |R200= ¥ (|E2M= ¥ b
2 200 155+ 230 207+ 500
338.| 8862, 7970  7960. ~
339.| Boge.| 7905 7960,
340]  sse10.| B000.  Booo.
341.| 8934, 8015,  @OZ0.
342.| B956.| ©B030.  BodD.
343.| 8982, 045  BUGL. !
|

[F40. —

TIME 10 Malaga July 2010

. @z
Tﬂy/ 1 () =24 2+ 4004350 %
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... if l add 1 to the first number, than|
have to ... to the other number ...
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

C
Applied problems |A] Findings
1. The step from arithmetic to algebra:
* Non-CAS-pupils perceive a difference in the underlying rules of
arithmetic and algebra.
* CAS-pupils accept results with variables as a result
— Non-CAS-Pupils quite often do not.

2. Using different representations

* Non-CAS-pupils avoid algebraic work,
because it cannot be done by the machine.

* CAS-pupils are more motivated and keen to use variables,
Non-CAS-pupils evaluate the algebraic representation as very
difficult .

TIME 10 Malaga July 2010 Barbel Barzel



Tasks & Teaching

Using variables und functions

Applied problems

(o @fE  crosutoreel.
p(.f,g,rjl:=.f-g+r Fartig @

solvelp( 15,500,2900 |=p(a,500,#)7)

F=10400-500-z

F=10400-500-14 F=3400

F=10400-500.13 F=32500

=10400-500-g|a=5 F=7900

F= 10400500z |e=4 F=6E400

F=10400-500alo=1% F=4400 M
4/14

TIME 10 Malaga July 2010
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The role of CAS when learning algebra and developing functional thinking

YUK = d&-x + 360
Lo Lk
FL—H’JH = 20-x + 3!90
f’—rfﬁaf-—‘wf = Afx + 2200
L-8. New : A&y 4+ 3000 Our
. ']
B, | & P(‘b,jl,f)_— Cia [H i
TR
Emt__ G-:/t—
nsbor (p (46,500, 2900) = p(a - 500
g’:_— 9 400 —500 a
Rt SR, o e

@MW
sl Jﬁﬂﬁf.,o&v I, g

*"H!H

Aplt haltih ¢ 8. A3 Eer




Using variables und functions

The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Which graph belongs to the
function f with

f(x) = X (x+2) 2 ?

Give arguments!

CAS-group : 26
Comparison group
without technology : 80

TIME 10 Malaga July 2010 Barbel Barzel
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

Analysing pupils solutions
From the CAS-group:

” 2"‘ det - Farkécon Qfx; x (:.4'2) 3eba;e-.'9c:a

waph "¢ dénh Q(&) het Seme /Vc.@@p-bltfef
bed x =0 - 9 (e 4?) e |

f(x) = x (X+2) 2

bec x= -2 (=2 VY deber

kosnmﬁ C»opb d hu:b‘f_“’? Frcac _
Uecbahn  hab—9Ge)—admer ot
eel oerden SC*J i, Shéewc,c?é C2 03
mﬁc{cve Y -Uevfe zcsegbdnef T
T g(-‘f) 2 -1(-1+ 7) --.-".’fff
')E":er konheh G wdb keu»e (,'mpbeh voh .
g(-’u Seh.  SomcE st o Je? CbcPL ZQ
de Fenkiées ng ).
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

Analysing pupils solutions
From the CAS-group:
2} 24.4 dei Funk€con Qfx; *(*47) qe'wé
fwaph ¢ dénh Q(&) bhet Seme /Vc.@@p-bltfef
bed x =0 - 9 (e 4?) e |

) a

f(x) = x (X+2) 2

bec x= -2 (=2 VY deber

kosnmﬁ C»opb d hu:b‘f_“’? Frcac _
Uecbahn  hab—9Ge)—admer ot
eel oerden SC*J i, Shéewc,c?é C2 03
mﬁc{cve Y -Uevfe zcsegbdnef T
T g(-‘f) 2 -1(-1+ 7) --.-".’fff
')E":er konheh G wdb keu»e (,'mpbeh voh .
g(-’u Seh.  SomcE st o Je? CbcPL ZQ
de Fenkiées ng ).
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

'Using variables und functions

m, i J‘--()r)- x3 +J+ NEY +£l--’r
R U A B +4- R
- _._._4"f>;) 6.:( B -




The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

f(x) = X (x+2) 2

Where is the sentence with the answer?
80%
70% [
ggz;o i B Exp-gruppe
% 0 B vgl-gruppe A
N 40% | | Bvgl-gruppeB
g 30% L gl-gruppe
20% || | B Vvgl-gruppeC
10% | —
0% - o | .
keiner am Anfang inder Mitte am Schluss
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

f(x) = X (x+2) 2

Possible explanations for : ,sentence at the beginning!”

Begrindung

100

80

B Exp-gruppe
@ Vgl-gruppe A
O Vgl-gruppe B

Fokus auf den nicht Wechsel
Term zuzuordnen Graph Term

in %
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

f(x) = X (x+2) 2

Possible explanations for : ,sentence at the beginning!”

Schema "Kurvendiskussion"
120
100 -
80 - B Exp-gruppe
S 60 _ B Vgl-gruppe A
= O Vgl-gruppe B
40 - O Vgl-gruppe C
20
0 - ==
nicht verwendet nicht zuzuordnen verwendet
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The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Using variables und functions

[

Applied problems

basic lheight larea

scapture(’

=capture('

=capture(’

TU.T45Y

g.u4/14

41,8364

10,3448

7.95204

41137

10.4617

7.89411

41,2929

10.6566

7.79612

41.54

10,8125

7.71643

41.7169

10.8904

7.67615

41,7983

11.3582

7.42838

42,1864

11.4751

7.36481

42,256

h+i=21

11.592

7.30059

42,3143

I=21-h

11.708

7.23572

42,3614

g2=i—p? g2y

11.7478

7.21385

42,3745

(21-h)%-h2=g> 441-42 h=g>

12,2936

£6.9016

42,4228

Fertig

12,4105

£6.83282

42,3995

Fertig

12,5275

6.76339

42,3641

12,6053

6.71682

42,3338

[21(zn21) w2

12,6443

£6.69338

42,3165

2 2-[21-2'%

12,6833

£6.66988

42,2979

Fertig

12.8388

6.57528

42,2098

h=7

F198 |
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Using variables und functions

The role of CAS when learning algebra and developing functional thinking

Tasks & Teaching

Applied problems

0.1

Basis: 0.8
Hihe: 0.5

Umfang: 2.6

0.1

TIME 10 Malaga July 2010

Fliche: 0.4

=rand (999
. 418106...
. [-581118...
. 1882744
. [655161...
.. 1 848036...
96... .303560...

hﬁhp-umfahg -f

=2*'basis+2*'

2.05154220...

1.34927454...
2.67148418...
2.03028786...
2.46767638...

.707300000...

FaN

<

C1 | 2.0515432031412

Barbel Barzel

|:Hﬂ.w‘s,F i'a:iche]

A

Felsager 2007

"(Umfang/ Flache),
;

0.05




The role of CAS when learning algebra and developing functional thinking

Teacher training

Supporting teachers to use ICT in the classroom

Aims:

= Convince them to use technology

= By good examples

= By experience and research results
= Learn them the handling of the technology
= Give them an idea of how to teach with it

Train teachers as an ongoing support,
not as a single event.

TIME 10 Malaga July 2010 Barbel Barzel



The role of CAS when learning algebra and developing functional thinking

Teacher training

Supporting teachers to use ICT in the classroom

e
P
_'_'_:'_,_,_,-
—
—— -

2009-2012

o The proposed course
EdUlﬂGfICS will consist of 5 modules:

1.
2.

3.

Starting to work with ICT;
From static to dynamic
representations
Constructing functions and
models;

Using ICT in the classroom:
Teaching approaches;
Interrelationships between
software.
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The role of CAS when learning algebra and developing functional thinking

Teacher training

Supporting teachers to use ICT in the classroom ﬁ
marics

(Module 1) (Module 2) (Module 3) (Module 4) (Module 5)

Starting to From static to |Constructing | Methods of Interrelationshi

work with ICT |dynamic functions and | teaching with |ps between

representations | models ICT CAS, GEO, Sp Sh

University of |University of University of |University of |University of

Freiburg (DE) |Lyon (FR) Paris (FR) Utrecht (NL) | Montpellier

University of | University of Charles University of [(FR)

Maribor (SI) | Turin (IT) University (CZ) | Chichester University of

(UK) Wirzburg (DE)

Barbel Barzel; |Luc Trouche/ Michele Paul Drijvers; |Caroline

Matija Lokar/ |Gilles Aldon; Artigue; Alison Clark- |Bardini;

Vlasta Kokol- |Ferdinando Jarmila Wilson Hans-Georg

Volj/ Julijana |Arzarello/ Novotna Weigand

Palcic Ornella Robutti
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The role of CAS when learning algebra and developing functional thinking
Topic Technology Tasks & Teaching Teacher training

The Role of CAS ©
when learning algebra and f0)=

developing functional thinking \ il
Focusing

1. ... the topic /@ not alone

2. ... the technology

3. ... the tasks & teaching - Give chances
. & freedom

4. ... the teacher training

Integrated wa
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