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When using CAS may only be usedCAS is too powerful to When using 
CAS

pupils loose 
skills by hand

CAS may only be used 
following the white box 

black box principle

CAS is too powerful to 
use it for lower 

secondary level  -
d it i t ti skills by handreduce its integration 

on upper secondary 
level

The Role of CAS 
when learning algebra andwhen learning algebra and 

developing functional thinking ....

Pupils learn easier 
coming along with CAS helps to 

P il ivariables when CAS is 
integrated into the 
learning process

p
investigate a new topic 
by using the black box 

white box principle

Pupils gain 
more skills 
when using 
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FocusingFocusing
1. … the topic
2 the technology2. … the technology
3. … the tasks & teaching
4 h h i i4. … the teacher training
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: …. problems
... measuring basic algebraic skills in PISA: 

Wie kann man „die Hälfte der Zahl a“ schreiben? 
Kreuze jeweils an ob die Antwort richtig ist
In which ways can „the half of the number a“ be written?
Mark with a cross if the answer is right.Kreuze jeweils an, ob die Antwort richtig ist. 

2
1

a Ja                  Nein
1
2

1
2

−

⋅

a

a

Ja                  Nein

Ja                  Nein Frequency of solution2

2
0 5

− aa Ja                  Nein

i

Frequency of solution
in PISA: 13 %

0,5
1: 2

⋅ a

a Ja                  Nein
Ja                  Nein
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

H i ht hy

Algebra and functional thinking: …. problems

Height h

3

4

y

time t1

2

Test-Results
1. Semester
WS 2008/09

x2 3 410 5

For which value of x is the
according y-value 1?

42% sketch a 
wrong graph

WS 2008/09
g y

29% wrong answer

A taxi driver takes 5€ as fix costs and 3€ for every km. 
Sketch a graph, …

48% sketch a 
wrong graph
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The role of CAS when learning algebra and developing functional thinking 2. Grundsätze - Unterricht 3. Ausblick1. Was ist „Funktionales Denken“? 

Test with about 100 Math-students, 1.Semester

Algebra and functional thinking: …. problems

Test with about 100 Math students, 1.Semester

The dot-line is drawn from A to B.
The value F(x) gives the soze of the grey area. 
a. Which graph belongs to F(x)? Make a cross.
b. Give reasons to your choice.y
Results:
a. 66% correct answer
b 57% correct answer
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The role of CAS when learning algebra and developing functional thinking 

Test with about 100 Math-students, 1.Semester

Algebra and functional thinking: …. problems

Test with about 100 Math students, 1.Semester

„Graph-as-
PiPicture-
irritation“
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

f is a differentiable function with f (-x) = - f (x)

Algebra and functional thinking: …. problems

f is a differentiable function with f (-x) = - f (x). 

What is right? 
A) f '( a) = f '( a)A) f '(-a) = - f '(-a)
B) f '(-a) = f '(a) 
C) f '(-a) = - f '(a) 
D) K i A CD) Keine von A-C

A typical answer was: f '(-a) = ( f (-a))'= (- f (a))'= - f '(a)
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: …. What is it about?

L i b i G i f D li fl ibl i h f iLearning basic
syntactical skills

Getting a sense for
symbols and structures

Dealing flexible with functions
and their representations

5 ( 2x + 1 ) = 10 5 ( 2x + 1 ) = 105 ( 2x + 1 )   10

10x + 5 = 10

5 ( 2x + 1 )   10

5 ( 2x + 1 ) = 2 • 5

... ... 

f(u) = a • u + a² 
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Jahnke 1999; Krüger 2000; Schubring 2007 ; 
Sierpinska 1992; Arcavi 1992



The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: …. What is it about?

L i b i G i f D li fl ibl i h f iLearning basic 
syntactical skills

Getting a sense for 
symbols and structures

Dealing flexible with functions
and their representations

Connecting mathematical representations
(verbal, graphic and numeric representations)
Developing and connecting different mental imagesDeveloping and connecting different mental images
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Presmeg 1997; 2006; Duval, 2002; Tall 1997; 
Fischer 1987; Malle 2000; vom Hofe 1995
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: …. What is it about?

L i b i G i f D li fl ibl i h f iLearning basic 
syntactical skills

Getting a sense for 
symbols and structures

Dealing flexible with functions
and their representations

Connecting mathematical representations
(verbal, graphic and numeric representations)
Developing and connectingDeveloping and connecting
different aspects/ images of the concept

f(x)=

yx

TIME 10  Malaga July 2010                   Bärbel Barzel

Funktionales Denken



The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: …. What is it about?

L i b i G i f D li fl ibl i h f iLearning basic 
syntactical skills

Getting a sense for 
symbols and structures

Dealing flexible with functions
and their representations

Connecting mathematical representations
(verbal, graphic and numeric representations)
Developing and connectingDeveloping and connecting
different aspects/ images of the concept

´Variable´ can be seen

as a placeholder
´Function´ can be seen:  

under the aspect of mapping
as a generalizer

as an unknown
under the aspect of covariation

as an entity
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Lens equation

Algebra and functional thinking: …. What is it about?

Lens equation

bfg
111

−=
bfg

Typing in correctly, otherwise: 11
Drijvers 2005

Typing in correctly, otherwise:

b
fg 1

11

−
=
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: …. What is it about?

Lens equation

bfg
111

−=

Lens equation

bfg

as a placeholder:as a placeholder:

as an unknown: 
as a generalizer:

as a changing quantity:
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

From CAS to MRS

Multi-representational system

Why does a parabolic mirror work? y p

f( ) ²f(x) = ax²

Focus point: ⎟
⎞

⎜
⎛ 1|0
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

From CAS to MRS

Devenere locos, ubi nunc ingentia cernes
moenia surgentemque novae Kathaginis arcem,

ti l f ti d i B
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Trying values Find an equation
Spread sheet ComputeralgebraGeometrypackage

Numerical approach
First step: 
A value!!!

Symbolical approach
First step: 

A i !!!

Spread sheet ComputeralgebraGeometrypackage

A value!!! An expression!!!

Make a sketch

Graphical approach
First step: Geometrypackage
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Spread sheet ComputeralgebraGeometrypackage

„The big 3 “ – relevant tools for learning mathematics

Excel Cabri II Derive

Spread sheet ComputeralgebraGeometrypackage

Excel
Access

Apple Works

Cabri II
Geolog

….

MuPAd
Maple

Mathematica

GeoNext 
GeoGebra

Just additive: V-200, TI-89, Classpad
Integrated & interactive on one surface: TI-Nspire (as Handheld & on PC)
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

„The big 3 “ – relevant tools for learning mathematics

Spread sheet ComputeralgebraGeometrypackage

Research study in Norway (Fuglestad 2005)

Spread sheet ComputeralgebraGeometrypackage

esea c study o ay ( ug estad 005)
3 grades (8-10, 14 – 16 years old pupils), 6 classes took part,

The three tools were always available

Which of the three tools do pupils use when solving tasks, 
where prinicipally all tools can support the solution? 

All the three tools are used - by different pupils and they p p
pupils could explain their choice according to their way of
solution
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Spread sheet ComputeralgebraGeometriepackage

„The big 3 “ – relevant tools for learning mathematics

Spread sheet ComputeralgebraGeometriepackage

CGSp Gr C
A
S

E
O

Sp
Sh

Gr
T
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: How can it be realized?

An idea of11 An idea of
a variable

Multiple 

11
Variables in formulas

x km · 0,04 l/km · 1, 56€
Sp
Sh

p
represen-

tations

F ti lge

Connections & Dependencies
in geometry

G
E
O

Gr SpFunctional
thinking

An idea of12

Pu
pi

ls
 a

g Experiments to switch
situation & graph

The balance-model C
A

Gr
T

Sp
Sh

an equation

T f

P

Applied problems
A
S C

A
S

Types of
function

Systems of
linear equations

13
-

15
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The role of CAS when learning algebra and developing functional thinking 

Introducing funktional thinking“ with experiments
1. EinstiegTopic Technology Tasks & Teaching Teacher training

Introducing „funktional thinking  with experiments

Which graph is created by
my movement?

Experiments to switch
situation & graph

Research question:

How does an experiment
supports the

t li ti fconceptualization of a 
„function“? 

TIME 10  Malaga July 2010                   Bärbel Barzel

Funktionales Denken



The role of CAS when learning algebra and developing functional thinking 

Introducing funktional thinking with experiments
1. EinstiegTopic Technology Tasks & Teaching Teacher training

Introducing „funktional thinking with experiments

Which graph is created by
my movement?

1. Step:  Step
Spontaneous movements and

interpreting the graph

2. Step:  
Match a given graphMatch a given graph
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The role of CAS when learning algebra and developing functional thinking 

Introducing funktional thinking with experiments
1. EinstiegTopic Technology Tasks & Teaching Teacher training

Introducing „funktional thinking with experiments

Which graph is created by
my movement?

At first:s
a very strong picture in mind as a 
pattern
graph-as-a-picture irritation“„graph-as-a-picture irritation

They overcome faults and argue
in different ways e g :in different ways, e.g.:
Statically: in the sense of
mapping points
D i ll i th fDynamically: in the sense of
covariation
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Algebra and functional thinking: How can it be realized?
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a variable

Multiple 
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Variables in formulas
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
AApplied problems A
S

CAS when learning algebra
- Yes or No?

Bärbel Barzel, Mattias Zeller PH Freiburg

Paul Drijvers, Freudenthal Institute, Utrecht, 
Netherlands
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
A

TI-nspire CAS TI-nspireversus

Applied problems A
S

p p
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Applied problems
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TI-nspire CAS TI-nspireversus
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
A

TI-nspire CAS TI-nspireversus

Applied problems A
S
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
AApplied problems A
S

TIME 10  Malaga July 2010                   Bärbel Barzel

Funktionales Denken



The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
AApplied problems A
S

10 3

6

x 7

?

7098423 ?

y = m x + b

... if I add 1 to the first number,  than I 
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
A Findings

1. The step from arithmetic to algebra:

Applied problems A
S

Findings

• Non-CAS-pupils perceive a difference in the underlying rules of 
arithmetic and algebra.

• CAS-pupils accept results with variables as a result 

2.   Using different representations
N CAS il id l b i k

p p p
– Non-CAS-Pupils quite often do not.

• Non-CAS-pupils avoid algebraic work, 
because it cannot be done by the machine.

• CAS-pupils are more motivated and keen to use variables, 
Non-CAS-pupils evaluate the algebraic representation as very 
difficult .
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
A FindingsApplied problems A
S

Findings
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Analysing pupils solutions

Which graph belongs to the

Analysing pupils solutions

Which graph belongs to the
function f with
f(x) = x (x+2) 2 ?  
Give arguments!Give arguments!

CAS-group :    26
Comparison group
without technology :   80
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Analysing pupils solutionsAnalysing pupils solutions
From the CAS-group:

f(x) = x (x+2) 2f(x) = x (x+2) 
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Analysing pupils solutionsAnalysing pupils solutions
From the CAS-group:

f(x) = x (x+2) 2f(x) = x (x+2) 
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Analysing pupils solutionsAnalysing pupils solutions

f(x) = x (x+2) 2

From the comparison group:

f(x) = x (x+2) 
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

f(x) = x (x+2) 2

Wh i th t ith th ?

60%
70%
80%

Where is the sentence with the answer?

30%
40%
50%
60%

Pr
oz

en
t

Exp-gruppe
Vgl-gruppe A
Vgl-gruppe B
V l C

0%
10%
20%

keiner am Anfang in der Mitte am Schluss

P Vgl-gruppe C
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

f(x) = x (x+2) 2

Possible explanations for : „sentence at the beginning!“

Begründung

100

40

60

80

100

n 
%

Exp-gruppe

Vgl-gruppe A

Vgl-gruppe B

0

20

40

F k f d i ht W h l

in Vgl-gruppe B

Vgl-gruppe C
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

f(x) = x (x+2) 2

Possible explanations for : „sentence at the beginning!“

Schema "Kurvendiskussion"

100

120

60

80

00

in
 %

Exp-gruppe

Vgl-gruppe A

Vgl-gruppe B

0

20

40
g g pp

Vgl-gruppe C

TIME 10  Malaga July 2010                   Bärbel Barzel

Funktionales Denken
nicht verwendet nicht zuzuordnen verwendet
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1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
AApplied problems A
S
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Using variables und functions 

Applied problems
C
AApplied problems A
S

Felsager 2007

(Umfang/ Fläche)
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Supporting teachers to use ICT in the classroom

Aims:

Convince them to use technology
By good examplesBy good examples
By experience and research results

Learn them the handling of the technologyLearn them the handling of the technology
Give them an idea of how to teach with it

Train teachers as an ongoing support, 
not as a single event
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

Supporting teachers to use ICT in the classroom

2009-2012

The proposed course p p
will consist of 5 modules:
1. Starting to work with ICT;
2 F i d i2. From static to dynamic 

representations
3 Constructing functions and3. Constructing functions and 

models;
4. Using ICT in the classroom: g

Teaching approaches;
5. Interrelationships between 

ft
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

(M d l 1) (M d l 2) (M d l 3) (M d l 4) (M d l 5)

Supporting teachers to use ICT in the classroom

(Module 1) (Module 2) (Module 3) (Module 4) (Module 5)
Starting to 
work with ICT 

From static to 
dynamic 

Constructing 
functions and 

Methods of 
teaching with 

Interrelationshi
ps between 

representations models ICT CAS, GEO, Sp Sh
University of 
Freiburg (DE)

University of 
Lyon (FR)

University of 
Paris (FR)

University of 
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University of 
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University of 
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University of 
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University (CZ)

University of 
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University of 
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Bärbel Barzel;
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The role of CAS when learning algebra and developing functional thinking 

1. EinstiegTopic Technology Tasks & Teaching Teacher training

The Role of CAS 
when learning algebra and f(x)= a   bwhen learning algebra and 
developing functional thinking 

yx
f(x)=

x =

p   q 

Let´s do it manifold
Focusing
1. … the topic

Let s do it manifold

CAS is not alonep
2. … the technology
3 the tasks & teaching

CAS is not alone

Give chances3. … the tasks & teaching
4. … the teacher training

Give chances
& freedom
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